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D-MODULES AND PROJECTIVE STACKS
KARIM EL HALOUI AND DMITRIY RUMYNIN
Abstract. We study twisted D-modules on weighted projective
stacks. We determine for which values of the twist and the weight
the global sections functor is an equivalence, thus, proving a version
of Beilinson-Bernstein Localisation Theorem.
A key observation in the proof of Kazhdan-Lusztig Conjecture by
Beilinson and Bernstein is that the (generalised) flag varieties G/P are
D-affine. This is known as Beilinson-Bernstein Localisation Theorem.
So far these are the only known connected smooth projective D-affine
varieties. In particular, Thomsen proves that a toric smooth projective
D-affine variety must be a product of projective spaces [15]. On the
other hand, Van den Bergh proves that weighted projective spaces are
D-affine (they are singular) [16].
The goal of this paper is to re-examine the D-affinity of weighted
projective spaces. Instead of looking at them as singular varieties, we
consider them as stacks. We give a necessary and sufficient criterion for
a weighted projective stack to be D-affine. Our method of proof is also
different: Van den Bergh uses Hodges-Smith Criterion for D-affinity
[11], while we do a direct calculation.
In section 1 we make general observations about D-affinity on vari-
eties. In section 2 we establish a technical framework for working with
twisted D-modules on a smooth projective stack. In section 3 we use
this framework to study D-modules on weighted projective stacks.
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1. D-modules on varieties
We work with a connected algebraic variety X over an algebraically
closed field K of characteristics zero in this section. Let OX be its sheaf
of functions, DX its sheaf of differential operators, D(X) = DX(X) its
global sections. We consider the category of quasicoherent DX-modules
DX–Qcoh and the category of modules over the globally defined differ-
ential operatorsD(X)–Mod. They are connected by the global sections
functor
Γ : DX–Qcoh→ D(X)–Mod.
X is called D-affine if Γ is an equivalence. Affine varieties are D-affine
but the converse statement is not true: the generalised flag variety G/P
is a smooth projective D-affine variety [4]. In the light of this result, it
is interesting to pose the following question.
Question: Classify connected smooth projective D-affine varieties.
It would be interesting to find other examples of such varieties besides
G/P . Notice that any such example X must have zero Hodge numbers
h0,m(X) for m > 0 because OX is a DX -module, hence, has no higher
cohomology. A glimmering hope for settling this question is the result
of Thomsen who classified smooth toric D-affine varieties [15]. Hereby
we will explain that some other classes of varieties will not give new
examples.
Recall that a variety X is homogeneous if a connected algebraic (not
necessarily linear) group G acts transitively on X . For a complete
variety X it is equivalent to asking that the automorphism group of X
acts transitively on X [13]. Such X is necessarily smooth.
Theorem 1. Suppose X is a homogeneous complete D-affine variety.
Then X is isomorphic to a generalised flag variety.
Proof. By Borel-Remmert Theorem [13] X is a product of a partial flag
variety and an abelian variety A. It remains to notice that A is not
D-affine because RdimAΓ(A,OA) 6= 0 by Serre’s duality, unless A is a
point. This would imply that RdimAΓ(X,OX) 6= 0 that is impossible
because OX is a DX-module. Thus, A is a point and X is a generalised
flag variety. 
If K = C is the field of complex numbers, this result can be slightly
improved.
Theorem 2. Suppose X is a complex complete D-affine variety and the
tangent sheaf TX is generated by global sections. Then X is isomorphic
to a generalised flag variety.
D-MODULES AND PROJECTIVE STACKS 3
Proof. Since X is a complete algebraic variety, the global (algebraic)
vector fields g = Γ(TX) form a finite dimensional Lie algebra [14, p. 95].
Let G be an analytic connected simply-connected Lie group with Lie
algebra g. The groupG locally acts onX by the second Lie Theorem [1,
p. 23]. Since X is compact, each element a ∈ g defines a one-parameter
group γa(t) of (global) diffeomorphisms of X [1, p. 20]. Choosing a
real basis a1, . . . ak of g, we can extend the assignment
ExpG(t1a1) · ExpG(t2a2) · . . .ExpG(tkak) 7→ γa1(t1)γa2(t2) . . . γak(tk)
to a global (real) analytic action of G on X [1, p. 29].
Since TX is generated by global sections, each point x ∈ X lies in
the interior of its orbit G · x. Hence each point belongs to an open set,
entirely within this point’s orbit. By connectedness there is only one
orbit, hence, X ∼= G/H as analytic manifolds.
By Borel-Remmert Theorem [1, p. 101], there exists an abelian
variety A such that X is an A-fibration over a generalised flag variety
Y . If A is a point, we are done. If A is not a point, RdimAΓ(A,OA) 6= 0
by Serre’s duality. Thus, the derived push-forward R(X → Y )∗(OX)
has higher cohomology and so does OX . This is a contradiction. 
Observe that TX is not usually a DX-module. This would require a
flat connection on TX which is quite rare. For instance, abelian varieties
admit a flat connection on TX as well as any other variety with a trivial
tangent sheaf. On the other hand, the only generalised flag variety with
a flat connection on TX is a point.
Corollary 3. If X is complex complete D-affine variety and TX is a
DX-module, then X is the point.
It would be interesting to extend Theorem 2 and Corollary 3 to
varieties over an arbitrary algebraically closed field K. Our proof does
not work because we use analytic methods.
2. D-modules on smooth projective stacks
The theory of D-modules on stacks is known [5, 7]. Let Y be a smooth
algebraic variety with an action of an algebraic group G. The quotient
stack [X ] = [Y/G] admits the standard smooth atlas G× Y
a
//
p
//
Y
with the action and projection maps. This atlas extends to a simplicial
variety X where Xn = Gn × Y , connected by the maps
X (ϕ) : Xn → Xm, X (ϕ)(g1, . . . gn, y) = (h1, . . . hm, hm+1 · y)
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where (with empty products equal to 1G)
hi =
ϕ(i)∏
j=ϕ(i−1)+1
gj, hm+1 =
n∏
j=ϕ(m)+1
gj
for any non-decreasing function ϕ : [m] → [n] = {0, 1, . . . , n}. For
instance, these are the maps for the low dimensional faces (recall that
∂ni : [n− 1]→ [n] is the increasing map without i in the image):
X (∂22)(g1, g2, y) = (g1, g2 · y), X (∂
2
1)(g1, g2, y) = (g1g2, y),
X (∂20)(g1, g2, y) = (g2, y), X (∂
1
1)(g, y) = g · y, X (∂
1
0)(g, y) = y.
The category of quasicoherent D-modules on [X ] is equivalent to the
category of cosimplicial D-modules on X [7, 6.2.2]. Recall that a cosim-
plicial D-module V consists of a quasicoherent D-module Vn on each
Xn together with an isomorphism of D-modules V(ϕ) : X (ϕ)∗Vm → Vn
for any non-decreasing function ϕ : [m] → [n] such that the simplicial
identities hold.
A cosimplicial D-module V can be recovered (up to an isomorphism)
from the D-module V0 and the D-module isomorphism
γ : p∗V0 = X (∂
1
0)
∗V0
V(∂10 )−−−→ V1
V(∂10)
−1
−−−−→ X (∂11)
∗V0 = a
∗V0.
The simplicial identities in dimension two force the cocycle condition
on the isomorphism γ, coercing (V0, γ) into a strongly equivariant D-
module on Y . Vice versa, a strongly equivariant D-module on Y can be
extended to a cosimplicial D-module on X . This shows that the cate-
gory of quasicoherent D-modules on [X ] is equivalent to the category
of strongly equivariant quasicoherent D-modules on Y .
Further significant clarification is possible. Consider a DY -module
M with a compatible G-action, i.e., g(dm) = gd gm for all g ∈ G,
d ∈ D, m ∈ M . This is sometimes called a weakly equivariant D-
module. Such a G-action yields an isomorphism of OG ⊗ DY -modules
γ : p∗M → a∗M [10].
The Lie algebra g of G acts on M in two ways: via the differential
of the action g → DY and via the differential of the G-action. These
two actions coincide if and only if γ : p∗M → a∗M is an isomorphism
of DG⊗DY -modules (note that DG⊗DY ∼= DG×Y ) [10]. This gives an
alternative definition of a strongly equivariant D-module.
The preceding discussion enables us (modulo equivalences of cate-
gories) to define a quasicoherent D[X]-module as a quasicoherent strongly
G-equivariant DY -module.
There are different notions of a projective stack, for instance, a stack
whose coarse moduli space is a projective variety. Here we use a more
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restrictive notion: a projective stack is a smooth closed substack of
a weighted projective stack [17]. Let us spell it out. Let V =
⊕
Vk
be a positively graded n + 1-dimensional K-vector space. Naturally
we treat it as a Gm-module with positive weights by λ • vk = λkvk
where vk ∈ Vk. Let Y be a smooth closed Gm-invariant subvariety of
V \ {0}. We define a projective stack as the stack [X ] = [Y/Gm]. The
G.I.T.-quotient X = Y//Gm is the coarse moduli space of [X ].
Let us describe the category O[X]–Qcoh of quasicoherent sheaves on
[X ]. Choose a homogeneous basis ei on V with ei ∈ Vdi , i = 0, 1, . . . , n.
Let xi ∈ V ∗ be the dual basis. Then K[V ] = K[x0, ...,xn] possesses a
natural grading with deg(xi) = di. Let I be the defining ideal of Y .
Since Y is Gm-invariant, the ideal I and the ring
A := K[Y ] = K[x0, ...,xn]/I
are graded. Both X and [X ] can be thought of as the projective spec-
trum of A. The scheme X is naturally isomorphic to the scheme the-
oretic ProjA. The stack [X ] is the Artin-Zhang projective spectrum
ProjAZA [3], i.e. its category of quasicoherent sheaves O[X]–Qcoh is
equivalent to the quotient category A–Grmod/A–Tors where A–Grmod
is the category of Z-graded A-modules, A–Tors is its full subcategory
of torsion modules.
Recall that
τA(M) = {m ∈M | ∃N ∀k > N Akm = 0}
is the torsion submodule of M . M is said to be torsion if τA(M) = M .
It can be seen as well that the torsion submodule of M is the sum of
all the finite dimensional submodules of M since A is connected.
Denote by
πA : A–Grmod→ A–Grmod/A–Tors
the quotient functor. Since A–Grmod has enough injectives and A–Tors
is dense then there exists a section functor
ωA : A–Grmod/A–Tors→ A–Grmod
which is right adjoint to πA in the sense that
HomA–Grmod(N, ωA(M)) ∼= HomA–Grmod/A–Tors(πA(N),M).
Recall that πA is exact, ωA is left exact and πAωA ∼= IdA–Grmod/A–Tors.
We call ωAπA(M) the A-saturation of M . We say that a module is
A-saturated if it is isomorphic to the saturation of a module. It can
be seen from the adjunction that an A-saturated module is torsion-free
and is isomorphic to its own saturation. If M and N are A-saturated,
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then being isomorphic in A–Grmod/A–Tors is equivalent to being iso-
morphic in A–Grmod.
We need a description of the global sections functor on [X ] in these
terms:
Γ : O[X]–Qcoh→ VSK, Γ(M) = ωA(M)0.
In particular, if M is an A-saturated module then
Γ(πA(M)) = M0.
The sheaf O[X](k) is defined as πA(A[k]) where A[k] is the shifted
regular module and the grading is given by A[k]m = Ak+m.
In particular, Γ(O[X](k)) = Ak if A[k] is A-saturated which is the
case for polynomial rings of more than two variables [2]. A well-known
example of a ring, not A-saturated (as an A-module), is the polyno-
mial ring in one variable A = K[x]. Its A-saturation is the Laurent
polynomial ring K[x, x−1] seen as an A-module. Finally we will need
the push-forward functor
π∗ : O[X]–Qcoh→ OX–Qcoh,
given by associating a sheaf on X to a graded A-module. In general, it
is not an equivalence. For instance, O[X](k) is an invertible sheaf but
OX(1) ∼= π∗(O[X](1)) is not invertible, in general [6].
Let us now describe the (twisted) D[X]-modules. Let ∂i = ∂/∂xi,
i = 0, 1, . . . , n. The Weyl algebra D(V ) = K〈x0, . . . ,xn, ∂0, . . . , ∂n〉
gets a grading from the Gm-action on V : deg(xi) = di, deg(∂i) = −di.
We define the reduced Weyl algebra as
D := EndD(V )(D(V )/ID(V )) ∼= I(ID(V ))/ID(V )
where
I(ID(V )) = {w ∈ D(V ) | wID(V ) ⊆ ID(V )}
is the idealiser of ID(V ) in D(V ). Notice that D is graded: I is graded,
then ID(V ) is graded, then I(ID(V )) is graded, and finally D is graded.
Observe that A is a graded subalgebra of D since K[xi] ⊆ I(ID(V )).
It is known that for w ∈ D(V ) [12, 15.5.9]
w ∈ ID(V )⇔ w(K[xi]) ⊆ I and w ∈ I(ID(V ))⇔ w(I) ⊆ I
where w acts naturally on polynomials in I. This defines an alge-
bra embedding D →֒ EndK(A) whose image lies in D(Y ), the ring of
differential operators on A.
Proposition 4. [12, 15.5.13] The map φ : D → D(Y ) is an isomor-
phism.
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The element
∑
i dixi∂i belongs to the idealiser I(ID(V )). We call its
image in D the Euler field
E =
∑
i
dixi∂i + ID(V ).
It belongs to D0 and defines the grading of D and its subalgebra A.
Lemma 5. Let x ∈ D. Then x ∈ Dk if and only if Ex− xE = kx.
Proof. It suffices to check it on the generators:
Exi =
∑
j
djxj∂jxi = xiE+ dixi.
Similarly,
E∂i = ∂iE− di∂i.

The Euler field can be used to define gradings on D-modules.
Lemma 6. Let M be a D-module. The span M ′ of all eigenvectors of
the Euler field E is a K-graded D-submodule of M .
Proof. Let m ∈Mλ, the λ-eigenspace of E. Using Lemma 5,
Exim = xiEm+ dixim = (λ+ di)xim,
so
xim ∈M
λ+di .
Similarly,
E∂im = ∂iEm− di∂im = (λ− di)∂im
and
∂im ∈M
λ−di .

Let us fix λ ∈ K. In general,
M ≥M ′ = ⊕µ∈KM
µ ≥M (λ) := ⊕n∈ZM
λ+n.
A D-module M is called λ-Euler if M = M (λ). A λ-Euler D-module
M admits a canonical Z-grading given by Mk = M
k+λ. The category
of λ-Euler D-modules D–Grmodλ is a full subcategory of the category
of graded D-modules D–Grmod. The full subcategory of the torsion
(as A-modules) modules is denoted D–Torsλ. Notice as well that the
torsion submodule of a graded D-module is a graded D-module and
that if, moreover, it is λ-Euler, then the torsion submodule is λ-Euler
too.
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D–Grmodλ is a locally small category. D–Torsλ is a Serre subcate-
gory of D–Grmodλ which is closed under taking arbitrary direct sums.
Therefore, D–Torsλ is a localising subcategory of D–Grmodλ [9] and
the quotient functor
πλ
D
: D–Grmodλ → D–Grmodλ/D–Torsλ
is exact and has a right adjoint section functor
ωλ
D
: D–Grmodλ/D–Torsλ → D–Grmodλ.
It follows that we have
Hom
D–Grmodλ(N, ω
λ
D
(M)) ∼= HomD–Grmodλ/D–Torsλ(π
λ
D
(N),M).
Theorem 7. The category D[X]–Qcoh of quasicoherent D-modules on
the stack [X ] is equivalent to the quotient category D–Grmod0/D–Tors0.
Proof. The category of D-modules on Y is just the category of D(Y )-
modules since Y is affine. The category of weakly Gm-equivariant D-
modules on Y is D(Y )–Grmod. The two actions of the Lie algebra of
the multiplicative group Gm are given by the Euler element E and by
the grading. Thus, the category of strongly Gm-equivariant D-modules
on Y is the category of 0-Euler D-modules D(Y )–Grmod0.
By definition, the category D[X]–Qcoh is the category of strongly
Gm-equivariant D-modules on Y . Thus, taking sections on the open
set Y induces an exact functor
Γ(Y, ) : D[X]–Qcoh→ D(Y )–Grmod
where D(Y ) is the ring of global differential operators on Y . Propo-
sition 4 makes the global sections Γ(Y,M) into a graded D-module
via the restriction map D ∼= D(Y ) → D(Y ). This module is 0-Euler,
because M is strongly equivariant. Thus, we obtain exact functors
Γ(Y, ) : D[X]–Qcoh→ D–Grmod
0 and
π0
D
◦ Γ(Y, ) : D[X]–Qcoh→ D–Grmod
0/D–Tors0.
Let us examine the sheafification functor D–Grmod0 → D[X]–Qcoh.
The sheafification of an object in D–Tors0 is supported at 0. Hence
objects in D–Tors0 give the zero sheaf on Y . So it induces a functor
on the quotient
˜ : D–Grmod0/D–Tors0 → D[X]–Qcoh
which is quasiinverse to π0
D
◦ Γ(Y, ). 
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An inquisitive reader may observe that we have defined the category
D[X]–Qcoh without defining the object D[X]. Later on we remedy this
partially by constructing an object Dλ[X] for each λ ∈ K so that D[X] =
π0
D
(D0[X]). Let us define the category D
λ
[X]–Qcoh of twisted D-modules
on [X ] as the quotient D–Grmodλ/D–Torsλ. It is possible to define
the category internally and then prove a version of Theorem 7 but we
see no value in doing it here.
Given a moduleM in D–Grmodλ, we call ωλ
D
πλ
D
(M) the Dλ-saturation
of M . We say that a module is Dλ-saturated is it is isomorphic to the
Dλ-saturation of a module. It can be seen from the adjunction that a
Dλ-saturated module is torsion-free and is isomorphic to its own satu-
ration.
We shall prove now that an A-saturated λ-Euler D-module is auto-
matically Dλ-saturated. This will make our forthcoming calculations
easier.
Lemma 8. Let M be a λ-Euler D-module. Then the Dλ-saturation of
M is an A-submodule of its A-saturation.
Proof. We have a map
M → ωλDπ
λ
D(M)
in D–Grmodλ [2]. The kernel and cokernel of this map are torsion
which implies that
πA(ω
λ
D
πλ
D
(M)) ∼= πA(M).
From adjunction, this isomorphism is the image of a map in A–Grmod,
φ : ωλDπ
λ
D(M)→ ωAπA(M).
We claim that this map is injective. Since πA(φ) is an isomorphism then
Kerφ is a torsion A-module. Consider DKerφ (which contains Kerφ),
it is a left D-submodule of ωλ
D
πλ
D
(M). Take m ∈ Kerφ then there exists
an integer N such that
A>Nm = 0.
For any d ∈ D of order k we have
A>N+k(dm) 6 DA>Nm = 0.
It follows that it is a torsion submodule of ωλ
D
πλ
D
(M) but ωλ
D
πλ
D
(M) is
torsion-free. Hence Kerφ = 0 
An immediate corollary is the following:
Corollary 9. Any A-saturated λ-Euler D-module is Dλ-saturated.
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Let us give examples of objects in Dλ[X]–Qcoh. The sheaf O[X](k) is
an object in Dk[X]–Qcoh. We introduce
Dλ[X] := D/D(E− λ).
Another interesting object in Dλ[X]–Qcoh is
Dλ[X] := π
λ
D
(Dλ[X]).
It plays the role of the sheaf of twisted differential operators, although
Dλ[X] is not an algebra because D(E − λ) is not a two-sided ideal, in
general. However, E is a central element of D0, so
Dλ[X]0 = D0/D0(E− λ)
is an algebra. It plays the role of the algebra of global sections of the
twisted differential operators on [X ]. Dλ[X] is a D−D
λ
[X]0
-bimodule.
In the next section the adjoint functors of global sections and local-
isation will play a role. This adjoint pair (Γλ, Lλ) is defined as:
Γλ : D
λ
[X]–Qcoh→ D
λ
[X]0
–Mod, Γλ(M) := ω
λ
D(M)0 = ω
λ
D(M)
λ,
Lλ : D
λ
[X]0
–Mod→ Dλ[X]–Qcoh, Lλ(N) := π
λ
D
(Dλ[X] ⊗Dλ
[X]0
N).
The ways we defined our global sections functors for Dλ[X]–Qcoh and
O[X]–Qcoh are not necessarily equivalent. Yet we know that
Γλ(π
λ
D
(M)) 6 Γ(πA(M))
as A-modules for any λ-Euler D-module M .
The exposition would be greatly simplified if restricting the section
functor ωA to Dλ[X]–Qcoh were equivalent to ω
λ
D
. This explains why we
have different global sections functor for different λ although geomet-
rically only one is needed. However, to ensure that we obtain λ-Euler
D-modules and not just A-modules we use ωλ
D
.
3. D-modules on weighted projective space
In this section we consider Y = V \ {0}, the punctured vector space
of dimension at least 2 and [X ] = [Y/Gm] = [P(V )], the weighted
projective stack. In this case I = {0}, A = K[x0, . . . ,xn] where the
degree of xi is di > 0 and D = K〈x0, . . . ,xn, ∂0, . . . , ∂n〉 is the Weyl
algebra. Without loss of generality, we assume that 0 < d0 ≤ d1 ≤
. . . ≤ dn.
Let us look at the D-module ∆ generated by the delta-function at
zero δ = δ0(x0, . . . ,xn)
∆ = Dδ ∼= D/(Dx0 + Dx1 + . . .+ Dxn) .
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The linear map
K[∂0, . . . , ∂n]→ ∆, f(∂0, . . . , ∂n) 7→ f(∂0, . . . , ∂n) · δ
is an isomorphism of vector spaces. If we identify K[∂0, . . . , ∂n] with
∆ using this linear map, then ∂i acts by multiplication and xi acts by
derivation ∂j 7→ −δi,j. In particular,
E · δ = E · 1 =
∑
j
djxj · ∂j =
∑
j
−dj = −(
∑
j
dj)δ.
Hence, ∆ is k-Euler for each integer k. Its canonical k-Euler grading
is given by
δ ∈ ∆−
∑
j dj = ∆−k−
∑
j dj
, ∂i · δ ∈ ∆−k−di−
∑
j dj
.
Let J = (x0, . . . ,xn) ✁ A. If M is a D-module, τA(M) = {m ∈
M | ∃k Jkm = 0} is its torsion D-submodule (a reader can easily
verify that if Jkm = 0, then Jk+1∂im = 0). The torsion D-modules are
those, supported set theoretically on the zero 0 ∈ V . By Kashiwara’s
theorem, any D-module supported at 0 is a direct sum of copies of ∆.
Let us introduce some notations. Suppose that M and N are two
Z-graded A-modules. We say that an A-module homomorphism f :
M → N has degree l if f(Mi) ⊂ Ni+l for all i. Denote by Hom(M,N)l
the set of all degree l A-module homomorphisms and write
HomA(M,N) =
⊕
l∈Z
Hom(M,N)l.
Now let Extq(M,N)l be the derived functor of Hom(M,N)l and write
Extq
A
(M,N) =
⊕
l∈Z
Extq(M,N)l.
Artin and Zhang prove [2] that for any graded A-module M ,
τA(M) ∼= lim−→ HomA(A/A>k,M),
R1τA(M) ∼= lim−→ Ext
1
A
(A/A>k,M)
and that there exists a long exact sequence of A-modules
0→ τA(M)→M → ωAπA(M)→ R
1τA(M)→ 0
where τA(M) and R
1τA(M) are torsion modules. This implies the fol-
lowing proposition.
Proposition 10. A λ-Euler D-module M is Dλ-saturated if it is torsion-
free and lim−→ Ext
1(A/A>k,M) = 0.
The next lemma will prove primordial in the proof that ΓλLλ ∼=
IdDλ
[X]0
–Mod for any λ and n > 2.
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Lemma 11. For n > 2, Dλ[X] is D
λ-saturated.
Proof. Recall that Dλ[X] = D/D(E − λ). It is easier to compute Ext
groups by taking a projective resolution of the left argument than an
injective one of the right argument. Since A/A>1 ∼= K, the first three
terms of the Koszul resolution are given by
. . .→
⊕
i0<i1
A(−di0 − di1)→
n⊕
i=0
A(−di)→ A→ A/A>1 → 0.
Take away A/A>1 and apply HomA( , D
λ
[X]) to the above exact se-
quence to get
0→ Dλ[X]
φ1
→
n⊕
i=0
Dλ[X](di)
φ2
→
⊕
i0<i1
Dλ[X](di0 + di1)→ . . .
where
φ1 : m 7→ (xim)
n
i=0
and
φ2 : (mi)
n
i=0 7→ (xi0mi1 − xi1mi0)i0<i1 .
It follows that
HomA(A/A>1, D
λ
[X])
∼= Ker(φ1),
Ext1A(A/A>1, D
λ
[X])
∼=
Ker(φ2)
Im(φ1)
.
Both HomA(A/A>1, D
λ
[X]) and Ext
1
A
(A/A>1, D
λ
[X]) vanish. Let us first
compute HomA(A/A>1, D
λ
[X]). Pick m ∈ Ker(φ1), then xim = 0 for
each i, where
m = m+ D(E− λ).
We can assume m to be homogeneous, so
xim = pi(E− λ)
for some homogeneous pi ∈ D. We want to show that pi ∈ xiD. Sup-
pose, for a contradiction, that it is not. Then we can write
pi = xim
′ + f∂β + LT
where m′ ∈ D, f ∈ K[x0, . . . ,xn] is the highest term which is non-zero
by assumption, free of xi, β the biggest power and LT are the lower
terms using DegLex for the ordering of the monomials in ∂. Without
loss of generality, we can assume that i 6= 0. It follows that
xim = xim
′′ + d0fx0∂
β+e0 + LT
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since f∂βx0∂0 = fx0∂
β+e0 + LT . But fx0 is not divisible by xi and we
obtain a contradiction. Thus,
HomA(A/A>1, D
λ
[X]) = 0.
Similarly, let us show that Ext1
A
(A/A>1,D
λ
[X]) vanishes. To proceed,
choose (mi)
n
i=0 ∈ Ker(φ2). Then for all i, j, there exists a θij ∈ D such
that
ximj = xjmi + θij(E− λ).
Write
mj = xjm
′
j + f∂
β + LT
where m′j ∈ D, f ∈ K[x0, . . . ,xn] is the highest term, free of xj , β
is the highest power and LT are the lower terms using DegLex for
the ordering of the monomials in ∂. Let us suppose, for the sake of a
contradiction, that |β| 6= 0. Then without loss of generality, we can
assume that β is the lowest among all the possible representatives of
mj. Write
θij = xjθ
′ + g∂γ + LT
where g ∈ K[x0, . . . ,xn] is the highest term, free of xj. If g = 0 then
we are done. Suppose that g 6= 0 so that
xixjm
′
j + xif∂
β + LT = xj(mi + θ
′(E− λ)) + g∂γ(E− λ) + LT.
Again without loss of generality, suppose that i, j 6= 0 as n > 2. By
comparing the highest terms, free of xj, we get
xif∂
β = d0gx0∂
γ+e0
with |γ| < |β|. Therefore,
f∂β = d0
g
xi
x0∂
γ+e0 =
g
xi
∂γ(E− λ) + LT.
So mj−
g
xi
∂γ(E−λ) is another representative of mj which has an index
γ lower than β, contrary to our hypothesis. Thus g = 0 and
mj = xjm
′
j
For all i, j, we have
xixjm
′
j = xixjm
′
i + θij(E− λ)
which implies that
xixj(m
′
j −m
′
i) ∈ D(E− λ).
By using the first argument twice, we obtain that for all i, j
m′j −m
′
i ∈ D(E− λ).
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Write
m′ := m′j = m
′
i
for the residues of m′j and m
′
i. Then for all i,
mi = xim′.
Hence,
Ext1
A
(A/A>1, D
λ
[X]) = 0.
To finish our proof, for each k we have a short exact sequence of
graded A-modules:
0→ A>k/A>k+1 → A/A>k+1 → A/A>k → 0
and A>k/A>k+1 is isomorphic to a finite direct sum of copies of A/A>1.
By applying Hom
A
( , Dλ[X]) to this short exact sequence and by induc-
tion on k, we conclude that for all k:
HomA(A/A>k, D
λ
[X]) = 0,
Ext1A(A/A>k, D
λ
[X]) = 0.
Taking direct limit [2] it follows that
τA(D
λ
[X]) = 0, and lim−→ Ext
1(A/A>k, D
λ
[X]) = 0.
Hence Dλ[X] is D
λ-saturated by Proposition 10. 
The condition on n in the last proof is necessary. We can prove that
Dλ[X] is not D
λ-saturated for all λ when n = 1 . For this, it suffices to
notice that for λ = 0,
(−d1∂1, d0∂0) ∈ Ker(φ2)
but
(−d1∂1, d0∂0) /∈ Im(φ1)
since d0x0∂0 = −d1x1∂1 + E.
Lemma 12. Let n > 2. If Γλ is exact then ΓλLλ ∼= IdDλ
[X]0
–Mod
Proof. Let N be a Dλ[X]0
-module. Take the first two terms of a free
resolution of N
P1 → P0 → N → 0
where Pi =
⊕
j∈Ii
Dλ[X]0
and Ii is an index set. Since both D
λ
[X] ⊗Dλ[X]0
and πλ
D
are right exact functors, it follows that
ΓλLλ(P1)→ ΓλLλ(P0)→ ΓλLλ(N)→ 0
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is exact. We can compute the first two terms explicitly:
ΓλLλ(Pi) = (ω
λ
D
πλ
D
(Dλ[X] ⊗Dλ
[X]0
Pi))0
= (ωλDπ
λ
D(D
λ
[X] ⊗Dλ
[X]0
⊕
j∈Ii
Dλ[X]0))0
∼= (ωλDπ
λ
D
(
⊕
j∈Ii
Dλ[X] ⊗Dλ
[X]0
Dλ[X]0))0
∼= (ωλDπ
λ
D(
⊕
j∈Ii
Dλ[X]))0
since the tensor product commutes with arbitrary direct sums and that
Dλ[X]⊗Dλ[X]0
Dλ[X]0
∼= Dλ[X]. The category D–Grmod
λ is locally noetherian
[8, Prop. 4.18]. By a result of Gabriel, the section functor ωλ
D
commutes
with inductive limits and, in particular, with arbitrary direct sums [9, p.
379]. Moreover, πλ
D
is left adjoint to ωλ
D
, so πλ
D
commutes as well with
arbitrary direct sums. This yields the following sequence of natural
isomorphisms:
ΓλLλ(Pi) ∼= (ω
λ
Dπ
λ
D(
⊕
j∈Ii
Dλ[X]))0
∼= (
⊕
j∈Ii
ωλ
D
πλ
D
(Dλ[X]))0
∼= (
⊕
j∈Ii
Dλ[X])0
∼=
⊕
j∈Ii
Dλ[X]0
∼= Pi
since Dλ[X] is D
λ-saturated and that ( )0 commutes with arbitrary di-
rect sums. Thus, we constructed a commutative diagram with exact
rows:
P1 //
α

P0 //
β

ΓλLλ(N) //
γ

0

P1 // P0 // N // 0
where α and β are isomorphisms, so ΓλLλ(N) ∼= N is a natural iso-
morphism by the four lemma. 
Theorem 13. Let A be the Z≥0-span of all di-s. If λ ∈ K \ (−
∑
i di−
A), then the global sections functor Γλ : Dλ[X]–Qcoh → D
λ
[X]0
–Mod
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is exact. In this case, Γλ defines an equivalence between the quotient
category Dλ[X]–Qcoh/KerΓλ and D
λ
[X]0
–Mod.
Proof. The categoryDλ[X]–Qcoh is the quotient category of the category
of λ-Euler modules by the category of torsion modules. The canonical
grading on a λ-Euler module M is given by Mk = M
k+λ. The torsion
modules are direct sums of ∆. The global sections functor Γλ is
Γλ :M 7→ ω
λ
D
(M)0 = ω
λ
D
(M)λ.
We know that ωλ
D
is a left exact functor. Taking λ-eigenspaces is
an exact functor, so we are left to prove that Γλ is right exact. An
epimorphism f :M→N induces the exact sequence
ωλ
D
(M)→ ωλ
D
(N )→ coker(ωλ
D
(f))→ 0
where coker(ωλ
D
(f)) is a torsion D-module. Taking the zeroeth graded
part, we get the exact sequence
Γλ(M)→ Γλ(N )→ coker(ω
λ
D(f))0 → 0.
Our restriction on λ provides that coker(ωλ
D
(f))0 = 0. Indeed, if
λ 6∈ Z, then coker(ωλ
D
(f)) = 0. If λ ∈ Z, then coker(ωλ
D
(f)) = ⊕∆
and coker(ωλ
D
(f))0 = ⊕∆λ. Since the E-weights of ∆ are −
∑
i di −A,
coker(ωλ
D
(f))0 = 0. Hence Γλ is exact.
The kernel KerΓλ is the full subcategory of Dλ[X]–Qcoh whose objects
are those M without non-trivial global sections, i.e., with Γλ(M) = 0.
Since Γλ is exact, it is a Serre subcategory, and Γλ descends to a functor
Γ˜λ : D
λ
[X]–Qcoh/KerΓλ → D
λ
[X]0
–Mod.
and let
Q : Dλ[X]–Qcoh→ D
λ
[X]–Qcoh/KerΓλ
be the quotient functor. We claim that QLλ is a quasiinverse of Γ˜λ.
Now in one direction,
Γ˜λ(QLλ)(N) = (Γ˜λQ)Lλ(N)
= ΓλLλ(N)
∼= N
since Γλ is exact. Thus,
Γ˜λQLλ ∼= IdDλ
[X]0
–Mod.
In the opposite direction, we have a natural transformation
QLλΓ˜λ → IdDλ
[X]
–Qcoh/KerΓλ
.
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Take an object M˜ in Dλ[X]–Qcoh/KerΓλ. Then there exists an object
M in Dλ[X]–Qcoh such that M˜ = Q(M). Hence,
QLλΓ˜λ(M˜) = QLλΓλ(M)
= QπλD(D
λ
[X] ⊗Dλ
[X]0
(ωλD(M))0).
On a level of a λ-Euler module M (with its canonical grading), the
natural map
Dλ[X] ⊗Dλ
[X]0
M0 →M
gives rise to the long exact sequence
0→ K → Dλ[X] ⊗Dλ
[X]0
M0 →M → N → 0
where K is its kernel and N is its cokernel. Since πλ
D
is exact,
0→ πλD(K)→ π
λ
D(D
λ
[X] ⊗Dλ
[X]0
M0)→ π
λ
D(M)→ π
λ
D(N)→ 0
is a long exact sequence as well. If M = ωλ
D
(M), applying Γλ yields
0→ Γλπ
λ
D
(K)→ ωλ
D
(M)0 → ω
λ
D
(M)0 → Γλπ
λ
D
(N)→ 0
since Γλπ
λ
D
(ωλ
D
(M)) ∼= ωλD(M)0 and ΓλLλ
∼= IdDλ
[X]0
–Mod when Γλ is
exact. The middle map
ωλ
D
(M)0 → ω
λ
D
(M)0
is the identity map and hence an isomorphism. It follows that πλ
D
(K)
and πλ
D
(N) are objects in Ker(Γλ). Therefore,
πλ
D
(Dλ[X] ⊗Dλ
[X]0
ωλ
D
(M)0)→ π
λ
D
(ωλ
D
(M))
is an isomorphism in Dλ[X]–Qcoh/KerΓλ and
QLλΓ˜λ(M˜) ∼= Qπ
λ
D
(ωλ
D
(M))
∼= Q(M)
∼= M˜.
It follows that QLλΓ˜λ ∼= IDλ
[X]
–Qcoh/KerΓλ
. 
We are left to study when KerΓλ is a zero category so that Γλ de-
fines an equivalence between the quotient category Dλ[X]–Qcoh and
Dλ[X]0
–Mod.
Lemma 14. Suppose that λ ∈ Z \ A or that the greatest common
divisor gcdi(di) 6= 1. Then KerΓλ 6= 0.
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Proof. If k ∈ Z, then O[X](k) = π
λ
D
(A[k]) is a non-zero Dk-saturated
(since it is A-saturated [2]) object of Dk[X]–Qcoh because 1 ∈ A0 =
A[k]−k and
E · 1 = 0 = (−k + k)1.
The global sections
Γk(O[X](k)) = A[−k]0 = Ak
are non-zero if and only if k ∈ A. Thus, if λ ∈ Z \ A, then O[X](λ) is
a non-zero object of KerΓλ.
Now let us assume that the greatest common divisor d of d0, ..., dn is
greater than 1. It easily follows that
D1 = D2 = . . . = Dd−1 = 0.
Let M be the K-vector space with a basis of all formal monomials
xa00 . . .x
an
n , ai ∈ K. It is a D-module under the following operations,
defined on the monomials by
xi · x
a0
0 . . .x
an
n = x
a0
0 . . .x
1+ai
i x
ai+1
i+1 . . .x
an
n ,
∂i · x
a0
0 . . .x
an
n = aix
a0
0 . . .x
−1+ai
i x
ai+1
i+1 . . .x
an
n .
Given λ ∈ K, we consider the D-submodule N = Dx(λ−1)/d00 . Since
E · x(λ−1)/d00 = d0x0∂0 · x
(λ−1)/d0
0 = (λ− 1)x
(λ−1)/d0
0 ,
the module N is λ-Euler and x
(λ−1)/d0
0 ∈ N
λ−1 = N−1 in the canonical
λ-Euler grading. Put N = πλ
D
(N). By definition, N is torsion-free.
Denote by τλ
D
the restriction of τA to D–Grmod
λ. The long exact
sequence [2]
0→ τλ
D
(N)→ N → ωλ
D
πλ
D
(N)→ R1τλ
D
(N)→ 0
reduces to the short exact sequence
0→ N → ωλ
D
πλ
D
(N)→ R1τλ
D
(N)→ 0.
But R1τλ
D
(N) is a torsion D-module, hence it is a direct sum of copies
of ∆. The E-weights of N are congruent to −1 modulo d and the E-
weights of the module ∆ are congruent to 0 modulo d. It follows that
the short exact sequence splits and
ωλDπ
λ
D(N)
∼= N ⊕ R1τλD(N).
Since ωλ
D
πλ
D
(N) is torsion free, ωλ
D
πλ
D
(N) ∼= N and R1τλD(N) = 0. This
means that N is Dλ-saturated and
Γλ(N ) = N0 = 0.
Hence, N is a non-zero object in KerΓλ. 
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In all the other cases the kernel is trivial.
Lemma 15. Let us assume that the greatest common divisor gcdi(di)
is equal to 1. If λ ∈ (K \ Z) ∪ A, then KerΓλ is a zero category.
Proof. Let m be the least common multiple of d0, . . . , dn. Suppose that
M is a non-zero object in Dλ[X] −Qcoh. Then M := ω
λ
D
(M) is a non-
zero λ-Euler torsion-free D-module. We need to show that M0 6= 0.
Let us suppose that the contrary is true, i.e., M0 = 0. We proceed to
arrive at a contradiction via a sequence of claims.
Claim 1. M−mt = 0 for any t ∈ Z>0.
Proof of Claim: If a ∈ M−mt, then x
mt/di
i · a = 0 for all i = 0, . . . , n
since it is an element ofM0. Hence, a generates a torsion D-submodule
of M but M is torsion-free. Hence a = 0. ✷
Claim 2. M−mt+kdi = 0 for all i and 0 6 k 6
mt
di
. In particular,
M−kdi = 0 for all k > 0.
Proof of Claim: We proceed by induction. The case k = 0 is Claim 1.
Assume that this is true for k, and let us prove it for k + 1. If −mt +
(k + 1) di = 0, then we are done. Otherwise, let us pick a non-zero
element a ∈M−mt+(k+1)di. It follows that
∂i · a ∈M−mt+kdi
which is zero by induction. Moreover, x
−(k+1)+mt/di
i · a ∈ M0 which is
zero again. Since[
∂i,x
−(k+1)+mt/di
i
]
=
(
mt
di
− (k + 1)
)
x
−(k+2)+mt/di
i ,
we conclude that x
−(k+2)+mt/di
i · a = 0. We can repeat this argument to
conclude that x
−(k+l)+mt/di
i ·a = 0 for all positive l with
mt
di
−(k + l) ≥ 0.
In particular, a = x0i · a = 0. ✷
Claim 3. If c0, ..., ck are positive integers and g is their greatest com-
mon divisor, then there exist integers r0 6 0, and r1, . . . , rk > 0 such
that r0c0 + . . .+ rkck = g.
Proof of Claim: Let l be the least common multiple of c0, ..., ck. By the
Euclidean algorithm there exist integers s0, . . . , sk such that
s0c0 + . . .+ skck = 1.
Now we can add − l
c0
c0 +
l
ci
ci = 0 for various i to this relations to get
integers r0, ..., rk such that
r0c0 + . . .+ rkck = 1
and r1, . . . , rk > 0. Inevitably, r0 6 0. ✷
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Claim 4. For all integer b0, . . . , bl > 0, M−(b0d0+...+bldl) = 0.
Proof of Claim: We proceed by induction on l. The base case l = 0 is
Claim 2. Assume this is true for l− 1. In particular, it is true if bi = 0
for some i.
Let gl = gcd (d0, . . . , dl) and fix a positive integer k. Consider a non-
zero element a ∈M−kgl. There exist positive integers c0, c1, . . . , cl such
that
∂c00 · a = ∂
c1
1 · a = . . . = ∂
cl
l · a = 0.
Indeed, by Claim 3, there exist ri 6 0 and r0, . . . , ri−1, ri+1, . . . rl > 0
such that
r0d0 + . . .+ rldl = gl
Now if ci = −kri > 0, then
∂cii · a ∈M−cidi−kgl = M−k(r0d0+...+ri−1di−1+ri+1di+1+...+rldl) = 0,
by induction. Let us consider the Weyl algebra
D˜ = K〈x0, . . . ,xl, ∂0, . . . , ∂l〉
and its polynomial subalgebra A˜ = K [∂0, . . . , ∂l]. The A˜-module D˜a
is supported at zero, hence, it must be a direct sum of copies of ∆˜ =
D˜δ(∂0, . . . , ∂l) ∼= K [x0, . . . ,xl]. It follows that
xb00 . . .x
bl
l · a 6= 0 for all b0, . . . , bl > 0.
We want to determine for which k, we can find b0, . . . , bl > 0 such that
xb00 . . .x
bl
l · a ∈ M0 = 0. We get a contradiction and hence M−kgl = 0
for such k. The condition is that
b0d0 + . . .+ bldl = kgl,
i.e. kgl ∈ Z>0d0 + Z>0d1 + . . .+ Z>0dl. ✷
In particular, it is true for l = n, i.e., M−k = 0 for all k ∈ A. Now let
us finish the proof of the theorem. By Schur’s Theorem there exists1
K > 0 such that k ∈ A for all k > K, in particular, M−k = 0 for all
k > K. Thus, M is supported at zero as a K [∂0, . . . ∂n]-module. By
Kashiwara’s Theorem M is a direct sum of copies of A = K [x0, . . .xn].
If λ ∈ K \ Z then A is not λ-Euler. Thus, M = 0. Finally, if λ ∈ Z
then A is λ-Euler. Moreover, as a graded module M is a direct sum
of copies of A[λ]. Observe that A[λ]0 = Aλ 6= 0 if and only if λ ∈ A.
Thus, if λ ∈ A, then M = 0 as well. 
1 The smallest such K is called the Frobenius number. It is a NP-hard problem
to find such K. There is no known closed formula that gives K as a function of
d0, ..., dn for n > 2.
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Combining the last two claims, we obtain a characterisation of the
kernel of the global sections functor.
Theorem 16. The greatest common divisor gcdi(di) is equal to 1 and
λ ∈ (K \ Z) ∪ A if and only if KerΓλ is a zero category.
Together with Theorem 13 this gives the following corollaries.
Corollary 17. Let us suppose that λ ∈ (K\Z)∪A and gcd (d0, ..., dn) =
1. Then Γλ : Dλ[X]–Qcoh→ D
λ
[X]0
–Mod is an equivalence of categories.
In particular, we obtain a necessary and sufficient condition for a
weighted projective stack to be D-affine.
Corollary 18. The weighted projective stack [X ] = [P(V )] is D-affine
if and only if gcdi(di) is equal to 1.
Proof. D-affinity deals with the case of λ = 0. Γ0 is exact, and its
kernel is zero if and only if gcdi(di) is equal to 1. 
A similar functor for varieties
Γ′λ : D
λ
X–Qcoh→ D
λ
[X]0
–Mod
is studied by Van den Bergh [16]. It is instructive to compare it with
the push-forward functor
π∗ : D
λ
[X]–Qcoh→ D
λ
X–Qcoh.
The functors Γ′λπ∗ and Γλ are naturally equivalent, so we can conclude
the final corollary.
Corollary 19. Let us suppose that λ ∈ K \ Z ∪ A and gcdi 6=j (di) = 1
for every j (the well-formedness condition). Then the push-forward
functor π∗ : Dλ[X]–Qcoh→ D
λ
X–Qcoh is an equivalence of categories.
It can be noticed as well that the condition of well-formedness is
not required for a weighted projective stack to be D-affine. We only
need the greatest common divisor of its weights to be equal to one to
guarantee it. As varieties, this condition was added to prove D-affinity
of weighted projective spaces.
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